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Abstract: Let (g,J) be an invariant Hermitian structure on an adjoint 
orbit of a compact, connected, semisimple Lie group. We prove that if the 
Kahler form u of (g, J) satisfies dd J u = 0, then the pair (g, J) is Kahler. We 
apply this result to generalized Kahler geometry. 

Key words: invariant Hermitian and Kahler structures, generalized Kahler 
structures, adjoint orbits. 

2010 Mathematics Subject Classification: 53D18. 

1 Introduction 

A Hermitian structure on a smooth manifold M is a pair (g, J) where g is a 
Riemannian metric and J a g-skew-symmetric complex structure on M. The 
Hermitian structure (g, J) is Kaher if the Kahler form u(X, Y) := g(JX, Y) 
is closed. The main result in this note is the following: 

Theorem 1. Let (g, J) be an invariant Hermitian structure on an adjoint 
orbit of a compact connected semisimple Lie group. Let u be the Kahler form 
of (g, J) and assume that 

dd J u = 0. (1) 

Then the pair (g, J) is Kahler. 

One motivation to consider condition (JTJ on Hermitian structures comes 
from generalized complex geometry, introduced by Nigel Hitchin in [6j. A 



generalized Kahler structure on a manifold M is usually defined as a pair 
#2) °f commuting generalized complex structures such that the compo- 
sition D := satisfies an additional positivity condition (for the precise 
definition, see Section H]). According to [1], a generalized Kahler structure 
can also be defined as a bi-Hermitian structure (g, J + , J J) (i.e. (g, J + ) and 
(g, J J) are Hermitian structures), together with a 2-form b G Q 2 (M), usually 
called in the physical literature the 6-field, such that 

db = -d J+ u + = d J -u^, (2) 

where u± are Kahler forms of (g, J±). As an application of Theorem [T] we 
state: 

Corollary 2. Let (g, J + , J_,6) be an invariant generalized Kahler structure 
on an adjoint orbit of a compact, connected, semisimple Lie group. Then the 
pairs (g, J + ) and (g, J J) are Kahler and b G Q 2 (M) is closed. 

This note is organized as follows. In Section [2] we fix notations and we 
recall the description of invariant Hermitian and Kahler structures on adjoint 
orbits of compact semisimple Lie groups [I], [3], [8]. With these preliminar- 
ies, in Section [3] we prove Theorem [TJ Finally, in Section H] - intended for 
completeness of our exposition - we collect basic definitions from generalized 
complex geometry and we recall in more detail the relation mentioned above 
between generalized Kahler geometry and bi-Hermitian geometry [1]. 
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1187/2008. 

2 Preliminary material 

Let G be a compact, connected, semisimple Lie group, with Lie algebra g, 
and M = {Ad g (X ), g G G} an adjoint orbit of G, where X Q G $j. We identify 
M with the coset space G/U, where U = {g G G, Ad g (X ) = X } is the 
isotropy subgroup at X . Recall that U is a closed connected subgroup of 
the same rank as G (see e.g. [2], Chapter 8). We shall denote by u the Lie 
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algebra of U. Let T be a maximal torus in U, t its Lie algebra and f) := t the 
complexification of t, which is a Cartan subalgebra of the complex semisimple 
Lie algebra q , included in u € . Let R C f)* \ {0} be the root system of g c 
with respect to f). For any a G R denote by g a the 1-dimensional root space 
corresponding to a, defined by 

9*--={XEQ C : [H,X]=a(H)X, \/H G f)}. 

Let 

be the corresponding Cartan decompositions, where Ro C R is the root sys- 
tem of u c with respect to (). The roots from R\R are called complementary 
roots. 

Since G is compact, is a compact real form of $j c and can be described 
in terms of a Weyl basis as follows. Recall first that choosing a Weyl basis 
amounts to chose root vectors E a G Q a such that 

(E a , E_ a ) = 1, VaeR 

(where (X, Y) := tr (adx o ady) denotes the Killing form of Q c ) and 

N- a> - P = -N aP , Wa,f3eR (3) 

where the constants N a p are defined by 

[E a , Ep] = N aP E a+p , Va, G R. (4) 

With respect to a Weyl basis, is the real Lie algebra generated by A a : = 
E a — E_ a , B a := i(E a + E_ a ) (for any a E R) and t (which is also the real 
vector space spanned by i[E a ,E_ a ], for all a G R). Similarly, u is the real 
Lie algebra generated by A a , B a (for any a G Rq) and t. It follows that 

T e M = m := u = ^ Span R {A,,5 a } (5) 

aeR\Ro 



3 



is an Adr-invariant complement of u in g, which will be identified with the 
tangent space T e M at the identity coset e. By complexification, 

T e c M = m c = *«■ ( 6 ) 

aeR\R 

A G- invariant (or shortly, "invariant") tensor field on M is uniquely deter- 
mined by its value at e, which is an Ady-invariant tensor on the vector space 
m. 

In the proof of our main result we shall use a general formula for the 
exterior derivative of invariant forms on M, as follows. If a 6 Q k (M) is 
invariant, then da is also invariant. At e, 

(da)(X Q ,--- ,X k ) =J2(-l) i+j a([X i ,X j ],X 1 ,--- ,X k ), 

i<j 

(7) 

for any Xi G m. In (J7J) the hat means that the term is omitted; the Lie 
bracket of vectors X^Xj 6 mis obtained by taking the Lie bracket 

in g, followed by the standard projection g = m © u — > m. 

Invariant Hermitian and Kahler structures. Following pQ, j3], [S] we 
develop the algebraic description of invariant Hermitian and Kahler struc- 
tures on M. We preserve the notations from the previous paragraph. In 
addition, we fix a positive root system Rq of Ro. 

Let (g, J) be an invariant Hermitian structure on M. The value J e of 
J at e is an Ad-r-invariant complex structure on m and its complex linear 
extension 

J e . m — > m 

is of the form 

J c e E a = ie a E a} VaGiJ\ Rq, (8) 
where e a = ±1 and e a = —e_ a for any a G R \ Ro. The set 

S := {a G R\Rq, e a = l} 

determines J completely and is called the set of roots of J. Note that 

ZU(-E) = R\Ro, En(-E) = 0, 

where — X := {—a, a G £}. The integrability of J implies that E is closed 
and R + := i?d U E is a system of positive roots of R. Conversely, any closed 
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set E of complementary roots such that Rq U S is a positive root system of 
R, defines an invariant complex structure on M (see Proposition 13.7 of j3] 
and 0). 

Similarly, the value g e of the Hermitian metric g at e is a symmetric 
positive definite inner product (X, Y) = —(AX, Y) on m, where A : m — > m 
is a linear isomorphism. Since (■,■) is Ad^-invariant, the complex linear 
extension 

A : m — > m 

of A to m c is of the form 

A c (E a ) = g a E a , Va e R \ R , (9) 
for some constants g a . Since (■, ■) is symmetric and positive definite, 

9a = 9-a, 9a > 0, Va & R \ R . (10) 

Therefore, (g, J) is completely determined by S and the constants {<? a }aie.R\.Ro- 
Conversely, any closed set £ C -R \ Ro such that -Rq U S is a positive root 
system of R, together with positive constants {g a }aeB\R such that g a = g- a , 
for any a E R \ Ro, define an invariant Hermitian structure on M. 

We now determine necessary and sufficient conditions on {g a } such that 
the Hermitian pair (g, J) is Kahler. Using ([H]) and it can be checked 
that the complex linear extension of the Kahler form u := g(J-,-) at e, 
applied to a pair (E a , Ep) of root vectors corresponding to complementary 
roots a, (3 e R \ Ro, is zero when a + (3 ^ 0, and 

u e {E a , E^ a ) = (J e E a , E^ a ) = -ig a e a , Va e R \ R - (11) 

For any a, (3, 7 G R \ Rq, 

(du)(E a ,Efs,E y ) = (12) 

unless a + (3 + 7 = 0, in which case 

(du)(E a , Ep, E 7 ) = -iN aP (e a g a + e p gp + e 7 g 7 ). (13) 

Relations f lT2|) and f lT3|) are a consequence of ([7]), f lTTj) and the following 
property of {N a p} (see Chapter 5 of [5]): if a, (3, 7 G i? are such that a + (3 + 
7 = 0, then 

N a(3 = N M = N ia . (14) 
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Thus the pair (g, J) is Kahler if and only if 

£ a g a + £/39f3 + £7^7 = 

for any a, {3, 7 G R\ R with a + (3 + 7 = 0; equivalently (g, J) is Kahler if 
and only if 

9a+/3 = 9a + 9/3 

for all a, (3 G £ with a + G £. To summarize, we get the following 
description of invariant Kahler structures on M (for M a full flag, see [7]). 

Proposition 3. fl^ Let (g, J) be an invariant Hermitian structure on M , 
defined by a closed set £ and positive constants {g a }a&B\B, as above. Then 
(g, J) is Kahler if and only if for any a, (3 G £ such that a + (3 G R, 

9a+p = 9a + 9p- (15) 

Note that for two roots a, (3 G £ the conditions a + (3 <E R and a + /3 G £ 
are equivalent, because £ is closed. 

3 Proof of the main result 

In this Section we prove Theorem [TJ Let M = G/U be an adjoint orbit of 
a compact connected semisimple Lie group G and (g, J) an invariant Hermi- 
tian structure on M. We preserve the notations from the previous Section. 
Recall that R denotes the root system of q c (the complexification of the Lie 
algebra of G) with respect to a Cartan subalgebra f) included in u c (the com- 
plexification of the Lie algebra of U) and Rq is a system of positive roots of 
the root system Rq of u c with respect to f). Thus, the pair (g, J) is defined 
by a closed complementary set of roots £ C R \ Ro and positive constants 
{g a }aeR\R sucn that Rq U £ := R + is a positive root system of R, g a = g- a 
for any a G R \ Ro and condition (|T5l) is satisfied. 

It is easy to check, using (JTJ) , (JHJ) , (|T3|) and (|T^|) . that for any a, /3 G £, 

^dd J u{E a , Ep, E_ a , E„p) = (g a+ p -g a - gp) 

+ 90), 

where e a -p = 0ifa — (3 & Rq oi ii a — (3 ^ R and e a -$ = ±1 if a — (3 G (±£). 
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Assume now that dd J u = 0. The above relation implies that 

Nip (g a+l3 -g a - gp) + e a -pN%,-p (e a _ p g a _p -g a + g p ) = 0, (16) 

for any a, (3 G S. Using an induction argument on the length of roots of S 
with respect to the order defined by R + we will show that ffTB"]) implies that 

g a +i3 = g a + gp, (17) 

for any a, G S such that a + G E. Suppose first that a, (3 G S are both 
of length one. Then a — (3 R and hence N a _p = 0. Since a + /3 G -R, 
iV aj g 7^ and relation (1T6|) implies (fT7|) . Suppose now that ( 117]) holds for all 
a, /3 G £ of length less or equal to fc, such that a + (3 G S. Let 7, 5 G £ be of 
length less or equal to k + 1, such that 7 + 5 G £. We will show that 

9-r+s = g~ f + gs- (18) 

If 7 — 5 G i?o or a ~ P £ R, e 7-<5 — and from (TT5"j) again we get f[T5|) (since 
AT 7(5 7^ when 7 + 5 G R). Suppose now that 7 — 5 G -R \ i?o- Without loss 
of generality, we assume moreover that 7 — 5 G £. Since 7 = 5 + (7 — 5) and 
7 has length at most k + 1, both 5 and 7 — ^ have length less or equal to 
(and belong to £). From our induction hypothesis, 

9 1 = 9s + g-y-s- (19) 

Using ( 1T6|) for a := 7 and /3 := 5, together with f[T9"j) . we obtain (ITS]). Relation 
( I17p is now proved. From Proposition El (g, J) is Kahler. This concludes the 
proof of Theorem [TJ 

4 Appendix: generalized Kahler geometry 

Let N be a smooth manifold, TiV = TN © T*N the generalized tangent 
bundle of N and g can the canonical indefinite metric on TiV given by 

S can (X + £,r + ?7):=i(£(y)+?7pO), VX + ^Y + V eTN. (20) 

Definition 4. /#/ i) An almost generalized complex structure on N is a g can - 
skew- symmetric field of endomorphisms 

3 : TN — >■ TiV 
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with 3 2 = —Id (where "Id" denotes the identity endomorphism ofTN). 

ii) An almost generalized complex structure 8 is integrable (or is a gener- 
alized complex structure) if the i-eigenbundle L = (TiV) 1 ' C (TiV) c of 8 is 
closed under the complex linear extension of the Courant bracket [■,■}, defined 
by 

[X + £, Y + rj] := [X, Y\ + L xV - L y £ - U ( V (X) - £(Y)) , (21) 
for any smooth sections X + £ and Y + rj of TN. 

Hi) A generalized Kahler structure on N is a pair (Si, 82) of commut- 
ing, generalized complex structures such that the bundle endomorphism D : = 
S1S2 ofTN is positive definite with respect to the standard indefinite metric 
g can , i.e. the bilinear form g can o D, defined by 

G7 can o D)(X + £, Y + 77) = g can (D(X + £), Y + v ), WX + £, Y + V E TN 

is positive definite. 

Generalized geometry and bi-Hermitian geometry are related as follows. 

Theorem 5. |^]/ On a manifold N there is a one to one correspondence 
between generalized Kahler structures (81,82) o,nd bi-Hermitian structures 
(g, J + , J J) together with a 2-form b G Q 2 (N), such that the condition 

db = -d J +u + = d J -tu_ (22) 

holds. Here u± := g(J±-, ■) are the Kahler forms of (J±,g). 

Proof. We briefly explain how (Si, 82) determines (g, J + , J-,b). Define D : = 
—8182- Since 3i and 82 commute, D 2 = Id. Let C± be the eigenbundles 
of D, with eigenvalues ±1. They are preserved by both 81 and 82 and the 
standard projections 

vr± : C± -> TN 

are isomorphisms. The almost complex structures J± of N are induced, by 
means of 7T±, by the restriction of 3i to C±. The bi-Hermitian metric and 
the b- field can also be read from C±: the eigenbundle C± is the graph of 
b± g : TN — >■ T*N (here b associates to I 6 TN the 1-form i x b := b(X, •) 
and similarly for g). According to [1], g is a Riemannian metric compatible 
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with J ± (i.e. J± are g-skew-symmetric) and the integrability of 3i and # 2 is 
equivalent to the integrability of the almost complex structures J±, together 
with condition f l22|) . 

□ 
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